We study the Hofstadter butterfly and Landau levels of the twisted bilayer graphene (TBG). We show that the nontrivial fragile topology of the lowest two bands near the charge neutral point makes their Hofstadter butterfly generically connected with higher bands. We also develop a momentum space method for calculating the TBG Hofstadter butterfly, from which we identify three phases, and show there is a ν = 4 Landau fan extending from charge neutral point to higher bands due to fragile topology. This provides an experimentally testable feature of the fragile topology by going to one flux per Moiré unit cell, which corresponds to a magnetic field 25θ 2 T (twist angle θ in degrees). We further show the TBG band theory with Zeeman splitting being the most sizable splitting could result in Landau fans at the charge neutral point and half fillings near the magic angle, and we predict their variations under an in-plane magnetic field.
We study the Hofstadter butterfly and Landau levels of the twisted bilayer graphene (TBG). We show that the nontrivial fragile topology of the lowest two bands near the charge neutral point makes their Hofstadter butterfly generically connected with higher bands. We also develop a momentum space method for calculating the TBG Hofstadter butterfly, from which we identify three phases, and show there is a ν = 4 Landau fan extending from charge neutral point to higher bands due to fragile topology. This provides an experimentally testable feature of the fragile topology by going to one flux per Moiré unit cell, which corresponds to a magnetic field 25θ 2 T (twist angle θ in degrees). We further show the TBG band theory with Zeeman splitting being the most sizable splitting could result in Landau fans at the charge neutral point and half fillings near the magic angle, and we predict their variations under an in-plane magnetic field.
Twisted bilayer graphene (TBG) has low energy flat electron bands at twist angles near the so-called magic angle, and exhibits superconductivity and correlated insulating phases at low temperatures . It was shown that the lowest two bands of TBG carry a nontrivial fragile topology [33, [37] [38] [39] 61] , which is in sharp contrast to the trivial monolayer graphene band structure. However, what observable effects the TBG nontrivial band topology brings is yet unknown. In addition, the lowest two bands of TBG near the magic angle exhibit unconventional Landau fans in the magnetic fields [4, 5] , lacking a theoretical understanding.
In this paper, we study the single-particle Hofstadter butterfly and Landau level (LL) of TBG. We show that the Hofstadter butterfly of the fragile topological bands is quite generically connected with the Hofstadter butterfly of other bands. We first verify this in two tightbinding models of Refs. [37, 38] which have the fragile topology of TBG. We then develop a momentum space method to calculate the Hofstadter butterfly of the TBG continuum model [2] . For the continuum model, we find the Hofstadter butterfly of the lowest two fragile topological bands are connected with higher bands for angles θ 1.9
• and θ 1.1
• due to fragile topology, while are disconnected at finite magnetic fields B for 1.1 < θ < 1.9
• . We attribute the existence of this disconnected phase to the lack of periodicity of Hofstadter butterfly in the continuum model, and conjecture it can be viewed as connected at B = ∞. We then show the large field Landau fans have fingerprints from the fragile topology, which are experimentally measurable. At low energies, we show that the band theory with Zeeman splitting can give rise to Landau fans at the charge neutral point (CNP) and half fillings near magic angle as observed in experiments [4, 5] . Given that the experimental fan splittings [5] are not spin splitting [62] , other many-body effects may overwhelm the Zeeman effect.
The band structure of TBG can be derived using the continuum model [2, 63] . In the model, each graphene layer contains two flavors of Dirac electrons at valleys K and K of the graphene Brillouin zone (GBZ), described by Hamiltonians with opposite helicities h K (k) = v(k x σ x − k y σ y ) = vσ * · k and h K (k) = − vσ · k, respectively. Here v is the graphene Fermi velocity, σ x,y,z are Pauli matrices for sublattice indices, and k = (k x , k y ) is the momentum measured from K or K point. The interlayer hopping couples electrons at the same graphene valley, which leads to two decoupled sets of bands at K and K , respectively. As a result, all the bands are 4-fold degenerate (graphene valley K, K and spin ↑, ↓). For each spin and valley, there are 2 Dirac points at K M and K M points (subindex M for distinguishing from GBZ) of the Moiré Brillouin zone (MBZ) around the CNP, described by Hamiltonian
where the helicity η = ±1 for graphene valleys K and K , respectively. The momentum k is measured from K M or K M . The Fermi velocity v * depends on θ and the corrugation (relaxation) u 0 . The corrugation u 0 ∈ [0, 1] is defined as the ratio of the effective AA and AB interlayer hoppings (?? Sec. S1). For u 0 = 1 (no corrugation), v * = 0 for θ = θ m ≈ 1.0 • in our parameters, which is defined as the magic angle. The lowest two bands become extremely flat near θ m [2] .
For each graphene valley and spin, the two Dirac points at K M and K M between the lowest two TBG bands have the same helicity [2, 38] (see Eq. (1)), which indicates the lowest two bands by themselves are non-Wannierizable and have a nontrivial fragile topology [37, 38] . This fragile topology of the lowest two bands can be characterized by their Wilson loop winding number 1 in the MBZ [37, 39] .
In general, if a set of energetically separate bands is topologically trivial, its LLs or Hofstadter butterfly [64] bands, isolated from other bands. As the magnetic field B (out-of-plane) increases, the LLs carrying Chern number +1 from the band maxima and minima will approach the van Hove singularities, and annihilate with the negative Chern number Hofstadter bands therein, leading to an energetically bounded butterfly. In contrast, the Hofstadter butterfly of a set of topologically nontrivial bands are generically unbounded, until it connects with the butterfly of another set of bands which trivializes the band topology.
In the case of two bands connected by two Dirac points (such as the monolayer graphene or TBG), each Dirac point contributes a zero mode Landau level at small B. If the two Dirac points have opposite helicities so that the two bands are topologically trivial (e.g., in monolayer graphene), the two zero modes will repel each other in energy when B grows large (when the inverse magnetic length −1 B = eB/ exceeds the distance between two Dirac points), and eventually merge into the van Hove singularities of the two bands, respectively, resulting an energetically bounded Hofstadter butterfly. To see this explicitly, consider a toy model Hamiltonian
which has two Dirac points of opposite helicities at (k x , k y ) = (±k D , 0), where k ± = k x ± ik y and σ ± = (σ x ± iσ y )/2. One can show that the two zero mode LLs of the two Dirac points split into energies E 0,± ≈ ±A On the contrary, if the two Dirac points have the same helicity, as is the case of the topologically nontrivial TBG flat bands, at large B one expects them to behave together as a quadratic band touching, so one expects the two zero mode LLs to stay robust. To see this, consider a toy Hamiltonian
which has two Dirac points of the same helicity at (k x , k y ) = (±k D , 0). The LLs can be obtained by sub-
B (a, a † ) with the LL lowering and raising operators a, a † ( [65] Sec. S4), from which one can obtain two exactly zero energy LLs ψ ± = (0, 
|0
. If a perturbation H p (k) is added to the Hamiltonian H (k) in Eq. (3), it may contribute nonzero energies to the two zero mode LLs ψ ± . However, as long as the perturbation H p (k) is smaller than H (k), one expects the two zero model LLs ψ ± are isolated from higher energy LLs ( [65] Sec. S2). This therefore leads to a C = 1 (C = −1) gap above (below) ψ ± extending to higher bands, forcing the Hofstadter butterfly of the two bands above (below) ψ ± to be connected with higher bands, until the higher bands trivializes the fragile topology. In TBG, the "stable" index proposed in [37, 39] cannot be trivialized, the effect of which on the Hofstadter butterfly is yet unknown.
To verify our claim of the unboundness and connectivity of the Hofstadter spectrum for topological bands, we first study the ten-band tight-binding model for TBG in Ref. [38] ( [65] Sec. S3C), where the lowest two bands near zero in Fig. 1(a) have the fragile topology of TBG. As shown in Fig. 1(b) , the Hofstadter butterfly of the lowest two bands is connected with the higher band butterfly at flux per unit cell Φ/Φ 0 = 1, leading to two Chern number ±1 gaps emerging from the lowest two bands and extending to higher bands as expected. The in-gap Chern numbers are determined from the number of chiral edge states in open boundary calculations as shown in Fig. 
1(c),(d).
To gain some further insight, we also study the Hofstadter butterfly of the TB4-1V model for TBG in Ref. [37] . This model has a topological phase where the lower two bands (Fig. 2(c) ) faithfully reproduce the topology of the two TBG flat bands, and also a trivial phase with similar band dispersions ( Fig. 2(a) ). To faithfully reproduce TBG, we use Wannier functions centered at AB (BA) stackings but with charge densities concentrated at AA stackings, as anticipated before [9, 56] . In this scenario, we need generalize the Peierls substitution phases to gauge phases from AB (BA) sites to AA centers and then backe to AB (BA) sites (see [65] Sec. S3A). As shown in Fig. 2(b) , the Hofstadter butterflies of the trivial phase are bounded within the energy range of the lower (higher) two trivial bands. By contrast, in the topological phase, the butterflies of the lower and higher two bands are heavily connected, closing the gap between them.
We then develop an open momentum space method to calculate the Hofstadter butterfly of the continuum model [2] as follows: we first truncate the continuum model at an open momentum shell enclosing an area of N BZ MBZs, and then substitute k ± with √ 2
−1
B (a, a † ), after which we diagonalize the Hamiltonian with a LL number cutoff |a † a| ≤ N . Here we take N BZ = 36 and Fig. 3 (a) , (e) and (i) show such spectrum at θ = 2.4
• , 1.8
• and 1.0
• for corrugation u 0 = 1, respectively, where the x axis is the flux per Moiré unit cell
, with a 0 = 0.246nm being the graphene lattice constant. We take the particlehole symmetric approximation, and only the positive energy spectrum is shown. Φ/Φ 0 is plotted linearly within [0, 1], while is mapped to 2 − Φ 0 /Φ when Φ/Φ 0 > 1, so that infinite B is mapped to a finite value. One can see outline of the Hofstadter butterfly, and also the so-called in-gap spectral flows [66] [67] [68] ([65] Sec. S5). Details of this method will be derived in a separate paper [69] . Compared to the periodic Hofstadter method for TBG [70, 71] , this method is much faster and converges easily (the Hamiltonian matrix is sparse), and gives accurate enough Hofstadter butterflies as well as spectral flows which tells us the in-gap Chern numbers.
We first set u 0 = 1. At large angles θ 1.9
• , the Hofstadter spectrum has a C = 1 gap from the lowest conduction band extending to higher bands as we expected from Eq. (3), leading to connected Hofstadter butterflies of the lowest and the second bands at Φ/Φ 0 = 1 ( Fig.  3(b) ), we denote such spectrum as Λ 1 phase. This yields a large B Landau fan in Fig. 3(d) , where the LL filling ν = 4 fan (4 due to 4-fold degeneracy, ν corresponds to electron density n = νeB/2π ) passes through the density n s of fully occupying the lowest conduction band (4 electrons per Moiré unit cell) at Φ/Φ 0 = 1. This is a unique feature of the fragile topology. When 1.1 • < θ < 1.9
• , the Hofstadter spectrum enters a different phase Λ 2 : the extended C = 1 gap breaks into two at Φ/Φ 0 = 1, giving way to a connected C = 0 gap for 0 ≤ Φ/Φ 0 < ∞, which at Φ = 0 is simply the direct band gap between the lowest and the second bands. Our argument of extended C = 1 gap based on perturbation H p (k) added to H (k) in Eq. (3) breaks down, since heuristically smaller angles have a smaller H (k), and H p (k) is no longer perturbative. Meanwhile, The Hofstadter butterfly is disconnected between the lowest two bands and the second bands at any finite Φ/Φ 0 , different from our expectation. We owe this to the lacking of periodicity of the continuum model Hofstadter spectrum. To "recover" the periodicity, one can include the point Φ/Φ 0 = ∞ by identifying +∞ with −∞. In this way, we conjecture the Hofstadter butterfly still connects the lowest two bands and the higher bands at Φ/Φ 0 = ∞ at zero energy. Such a trend can be seen in Fig. 3 (e) and (f). The Landau fan changes into Fig. 3(h) : the ν = 4 fan is broken at density n s and arises again afterwards. Note that the crossing of ν = 4 fan and density n s is analogous to that in Fig. 3(d) , which we believe is a characterization of the fragile topology.
When θ < 1.1
• , the Hofstadter spectrum reconnects the lowest two bands with higher bands (Fig. 3(j) ), which we denote as Λ 3 phase. The spectrum has both a C = 2 gap and a C = 1 gap extending to higher bands from the lowest two bands, leading to a Landau fan as shown in Fig. 3(l) , where both ν = 4 and 8 fans pass through density n s .
For different θ and corrugation 0 ≤ u 0 ≤ 1, we obtain a phase diagram Fig. 3 (m)( [65] Sec. S5). One sees that Λ 1 and Λ 3 phases with connected Hofstadter butterfly at finite B dominate the parameter space, while the Λ 2 phase may be connected only at B = ∞.
We now study the small B Landau fans for θ near θ m (assuming v * = 0) with the Zeeman energy E ± Z (B) = ±µ B B (for spin ↓, ↑) taken into account. Fig. 4(b) shows the main sets of TBG LLs at θ = 1.04
• without Zeeman energy based on both quantum and semiclassical calculations ( [65] Secs. S6, S9). At small B, the Dirac LLs around zero energy are 8-fold degenerate. As B increases (B 3T), these LLs become 4-fold degenerate due to the mutual hopping between K M and K M ( [65] Sec. S7A). The LLs at the top (bottom) of Fig. 4(b) are contributed by the conduction (valence) band maximums (minimums), which are 4-fold degenerate for B 1T ( [65] Sec. S6B).
With Zeeman energy, the spin degeneracy is strongly broken (Fig. 4(c) , red solid and blue dashed lines for spin ↑, ↓, respectively), and all the LL degeneracies are further reduced by a factor of 2. This yields a dominant Landau fan at ν j = 4j at small B at the CNP n = 0 (Fig. 4(d) ), which splits into ν j = 2j at large B (j, j ∈ Z).
The strong Zeeman splitting can also give rise to Landau fans at half fillings n = ±n s /2. This is because when the Zeeman splitting
exceeds the conduction (valence) flat band width W , the spin ↓ and ↑ Dirac points at K M , K M will shift to electron densities n 0 ≈ ±n s /2, respectively. For θ = 1.04
• , this requires a Zeeman field B 4T (Fig. 4(a) , without orbital effect of B field yet). Therefore, when B > W/2µ B , one expects to see the spin ↑ and ↓ Dirac Landau fans shifted to n 0 ≈ ±n s /2, respectively ( Fig. 4(d) , see also [65] Sec. S7B).
When a tilted magnetic field is added (B ⊥ and B for out-of-plane and in-plane), the Zeeman energy becomes
2 ) 1/2 , while only B ⊥ has orbital effects. For fixed B > 0, at B ⊥ = 0, the opposite spin Dirac points are shifted to energies ±µ B B , respectively. Therefore, the Landau fan at n 0 = 0 at small B ⊥ will split into two fans at n = ±n B as shown in Fig. 4(e) . When B > W/2µ B , one will have n B ≈ n s /2, and the Landau fans at n 0 = ±n B will merge with those at n 0 = ±n s /2, respectively.
For θ near θ m , additional non-high symmetric Dirac points arise between two flat bands [37, 72] , and our calculation shows their LLs are 2-fold degenerate for B 0.5T under Zeeman energy ( [65] Sec. S6B), and may cross with the approximately 4-fold Dirac LLs from K M , K M . Such crossings will induce a shift of the Landau fan at n 0 = 0 from ν j = 4j to ν j = 4j − 2sgn(j) ( [65] Sec. S7C), Such phenomena is observed recently [5] .
Discussion. We have shown that the Hofstadter butterfly of a set of bands with fragile topology is quite generically unbounded and connected with other bands. In TBG, we identified three phases in Fig. 3(m) , where Λ 1 and Λ 3 phases have connected Hofstadter spectrum and nontrivial Chern gaps extending from lowest to higher bands. The Hofstadter spectrum of phase Λ 2 is not connected for finite Φ/Φ 0 , but may be connected at Φ/Φ 0 = ∞. This leads to experimentally testable Landau fans around Φ/Φ 0 = 1 (Fig. 3) , which corresponds a magnetic field around 25θ 2 T (θ in degrees). Further, we show the band theory of TBG with Zeeman energy near the magic angle can give rise to the Landau fans at both n 0 = 0 and n 0 = ±n s /2 as observed in experiments [4, 5] . However, we do note that the Landau fans at n 0 = ±n s /4 and ±3n s /4 observed in the TBG under pressure [5] cannot be explained by the single-particle picture, and will involve interactions.
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Note added. During the preparation of our paper, we noticed the very recently posted Ref. [73] , from whose model of the topological bands the claim of Chern number of the flat bands at large magnetic field can also be derived in agreement with our results, using a different argument.
I. SUPPLEMENTARY MATERIAL FOR "THE LANDAU LEVEL OF FRAGILE TOPOLOGY"
The supplementary material sections are organized as follows:
• Sec. II: Review of the continuum model of TBG.
• Sec. III: Discussion of the behavior of the zero mode LLs for two Dirac points with the same/opposite helicity.
• Sec. IV: Hofstadter butterfly calculations of the TB41V-model in Ref. [37] and the 10 band tight-binding model in Ref. [38] .
• Sec. V: The open momentum space numerical method we used for Hofstadter butterfly and Landau levels of the continuum model.
• Sec. VI: Determination of the in-gap (Hofstadter gap) Chern numbers from the spectral flows in the open momentum space method, and discussion of the Hofstadter spectrum up to infinite magnetic field.
• Sec. VII: Numerical results of small magnetic field low energy LLs for various twist angles around the magic angle.
• Sec. VIII: Discussion of Landau fans slightly away from the magic angle.
• Sec. IX: Discussion of Landau fans exactly at the magic angle.
• Sec. X: Semiclassical LL calculations for TBG.
II. THE CONTINUUM MODEL HAMILTONIAN FOR TBG
The TBG band structure can be calculated using the continuum model constructed in Ref. [2] . The low energy band structure of a graphene monolayer near the graphene BZ K (or K ) point is a Dirac fermion with Hamiltonian
where v is the fermi velocity, and σ x,y,z are the Pauli matrices for sublattice indices, and momentum k is measured from the graphene BZ K (or K ) point. In a TBG, the Hamiltonian consists of Dirac fermions from the K (or K ) point of both layers, and the interlayer hopping between them. We consider the Dirac fermions at the K point of both layers. To the lowest approximation, an electron state at momentum k in layer 1 can hop to a state at momentum p in layer 2 if k − p = q j , where
and k θ = |q j | = (8π/3a 0 ) sin(θ/2). Here a 0 = 0.246 nm is the graphene lattice constant, and θ is the twist angle of TBG. The two reciprocal vectors of the Moiré superlattice are given by 
where the momentum k is measured from K M point of the MBZ, h K ±θ/2 (k) is the Dirac Hamiltonian rotated by angle ±θ/2 (± for layer 1 and layer 2, respectively):
w = 110 meV is the interlayer hopping amplitude, and T j (1 ≤ j ≤ 3) are given by
Here 1 2 is the 2 × 2 identity matrix, and u 0 ∈ [0, 1] characterizes the corrugation and relaxation of the Carbon atoms in the Moiré lattice. Roughly speaking, u 0 is the ratio between the effective interlayer hopping at AA stackings and that at AB (BA) stackings. u 0 = 1 corresponds to no corrugation/relaxation, which is adopted in the original model of [2] . In realistic devices, u 0 is generically slightly smaller than 1. This model can be understood as a "tight-binding model" in a momentum space lattice at positions k+Q m (m ∈ Z), where Q m are the honeycomb momentum lattice sites (with hexagon edge length k θ ) as shown in Fig. 5 , with blue solid and red hollow sites from layer 1 and layer 2, respectively. The matrix T j is the (interlayer) hopping between two sites Q m and Q m (differing by momentum q j ), while h K ±θ/2 (k − Q j ) (± for layer 1, 2) serve as the on-site energies of this momentum space "tight-binding model". Each honeycomb plaquette is exactly a Moiré BZ. We calculate the band structures of TBG by truncating the momentum space honeycomb lattice at a certain momentum away from k = 0, which encloses a momentum space area A k = N BZ Ω BZ as shown in Fig. 5 . Here Ω BZ is the area of the Moiré BZ, and N BZ is the number of plaquettes we keep. Then we diagonalize the Hamiltonian restricted in the momentum space area A k . As long as N BZ is large enough, we can obtain accurate low energy band structures. 
where η = ±1 for graphene valleys K and K , respectively, and the Fermi velocity v * is a function of twist angle θ.
In the u 0 = 1 case, the lowest perturbation theory shows the Dirac velocity v * = 1−3α 2 1+6α 2 v at K M and K M points vanishes at α = 1/ √ 3, where α = w/ vk θ , and the corresponding twist angle θ M is defined as the first magic angle. More rigorous numerical calculation shows v * = 0 is achieved at α = 0.605. Here we adopt the graphene parameters v = 611meV·nm and w = 110meV, under which θ m = 1.0 • (α = 0.605). The Moiré band spectrum of TBG is approximately particle-hole symmetric (PHS) for small twist angles θ, largely due to the particle-hole symmetry of the graphene Dirac Hamiltonian h K (k). In fact, if one [2] approximates the ±θ/2 in h K ±θ/2 (k) as zero, the TBG bands becomes exactly particle-hole symmetric (PHS) [37] . Such an approximation is legitimate when θ is small. More explicitly, under the zero angle approximation, the Hamiltonian (5) satisfies θ=1.0
The high symmetry line plot of lowest two Moiré bands for various twist angles. The bands with the zero twist angle approximation (thus particle-hole symmetric (PHS)) are shown in (a) θ = 1.8
• (α = 0.583) and (e) magic angle θ = θm = 1.0 • (α = 0.605). The bands without the zero twist angle approximation (thus particle-hole non-symmetric (PHNS)) are shown in (f) θ = 1.8
• and (j) magic angle θ = θm = 1.0
• . In (e) and (j) at the magic angle, one can see the Dirac point at KM becomes quadratic. (k)-(o) The energy contour plot of the lowest conduction band (PHS) for (k) θ = 1.8
• and (o) magic angle θ = θm = 1.0
• . The numbers on the curves are energies in units of meV. The additional Dirac points not at KM , K M are labeled, which exist in (m)-(o).
where U = iτ y ⊗ 1, with τ x,y,z the Pauli matrices in the layer (1 and 2) basis. Therefore, the band energies of H K (k) at momentum k is exactly opposite to those at momentum q 1 − k. Since momentum k is measured from the MBZ K M point, the two momentums k and q 1 − k are opposite about Γ M point (up to superlattice reciprocal vectors). This indicates the band structure is PHS. Fig. 6 (a)-(j) shows the high-symmetry-line plot of the lowest two Moiré bands for angles ranging from 1.8
• to the magic angle 1.0
• with and without the zero twist angle approximation, respectively, which are calculated by taking momentum space cutoff N BZ = 36. They are not very different (PHS/PHNS) except for a shift of the charge neutral point in energy. Fig. 6 (k)-(o) show the energy contour plots of the lowest conduction Moiré band in the PHS case. In the PHS band structure and for θ = 1.1
• (Fig. 6 (c) and (m)) and θ = 1.04
• (Fig. 6 (d) and (n)), one can see additional Dirac points on the high symmetry lines away from K M [37] . When the zero twist angle approximation is not used, the Dirac points on the Γ M K M line deviates from the Γ M K M line (due to the loss of PHS). This can be seen in Fig. 6 (h) and (i) , where the Γ M K M line becomes gapped (not at the K M point). For the magic angle, three of the additional Dirac points merge with the Dirac point at K M , and the dispersion at K M becomes quadratic (Fig.  6 (e) and (j)).
In most of our discussions in the main text, we adopt the zero twist angle approximation so that the electron bands and LLs are PHS, which qualitatively does not change the low energy physics. The particle-hole non-symmetric (PHNS) spectrum and LL results are mainly shown and discussed in Sec. VII.
III. BEHAVIOR OF ZERO MODE LLS OF DIRAC POINTS WITH THE SAME HELICITY
In the main text Eq. (2) and Eq. (3), we have discussed two toy models, one with two Dirac points of opposite helicities and one with two Dirac points of the same helicity, respectively. In this section, we show the zero mode LLs in the model with two Dirac points of the same helicity (main text Eq. (3)) are more robust than those of opposite helicities.
In the first model of main text Eq. (2) with two opposite helicity Dirac points, the Hamiltonian is (24)), after which the Hamiltonian becomes
Note that
. At small magnetic fields, the zero mode LLs of the two Dirac points are given
a † |0 . Under the Hamiltonian (9), there will be a hopping between |ψ 1 and |ψ 2 given by
Therefore, the two zero mode LLs in this model will split into energies E 0,± ≈ ±A
When k D B ∼ 1, the energy splitting will be large, and comparable to the van Hove singularity energy which is of order Ak In the second model of main text Eq. (3) of Dirac points of the same helicity, the Hamiltonian
One can then easily verify ψ ± = (0, |Ω ± ) T are two exact zero energy eigenstates of Hamiltonian (11), independent of k D B (where we have defined
a † |0 as before). Therefore, the two zero mode LLs in this model are more robust.
We now consider adding a perturbation, for instance H p (k) = (k)σ z , to the Hamiltonians of the two models, where (k) ≥ 0 vanishes at the two Dirac points. We also assume the momentum k is bounded in the Brillouin zone (BZ), so that (k) is energetically bounded. We note that the two-band toy model H (k) and the form of perturbation H p (k) = (k)σ z we consider here are not meant to obey all the symmetries of the one-valley TBG continuum model (C 2x , C 2z T , C 3z , etc), since it is impossible to write down a two-band model for the lowest two TBG bands continuously defined in the entire MBZ (which would indicate a well defined real space Wannier function) due to the fragile topology (non-Wannierizable). We only take the perturbation H p (k) here as a simplest example to illustrate the robustness of the zero mode LLs of the toy model H (k).
One can think of H p (k) by itself as a model of two trivial bands with dispersions ± (k), respectively, and the two bands touch at zero energy at the positions of the two Dirac points (k x , k y ) = (±k D , 0). In the small B field (large B ) limit, the states (0, |Ω ± )
T and (|Ω ± , 0) T are simply the lowest LLs from the band touching points (k x , k y ) = (±k D , 0) of such a model H p (k). If we consider H p (k) by itself as a 2-band model, the LLs contributed by its touching points in between the two bands will generically be obstructed by the van Hove singularities of the two bands. Namely, if a LL state |ψ is from the band touching points (k x , k y ) = (±k D , 0), its "energy" ψ|H p (k)|ψ (k stands for the momentum operator expressed in terms of a, a † ) in the model H p (k) will be bounded between [− V , V ], where V is the van Hove singularity energy of the conduction band (k) of model H p (k). This is generically true: the LLs from the band edges (band maximum, minimum or band touching points) are obstructed by the neighbouring van Hove singularities. This is because semiclassically, the n-th LL from a band edge correspond to a constant energy contour in the k space around the band edge enclosing a quantized area ∼ 2πn/ 2 B , while the van Hove singularity is the energy at which the area of the constant energy contour tends to infinity (see Sec. X).
Now we turn to the actual models we study. In the second model (Dirac points with the same helicity), the full Hamiltonian with perturbation is H (k) + H p (k). If we restrict ourselves in the subspace of the two zero modes
T , the term H (k) becomes zero, and the energies of ψ ± will be solely contributed by H p (k). Therefore, by the argument of last paragraph, the energies of ψ ± will be bounded within the energy range [− V , V ]. However, the energy dispersion of the full Hamiltonian
D , which is greater than V . Therefore, the zero mode LLs ψ ± in this model with two Dirac points of the same helicity cannot reach the van Hove singularities ∼ ± 2 V + A 2 k 4 D , and we expect they have a C = ±1 gap with all the other Hofstadter bands, as long as H p (k) can be treated as a perturbation. In TBG, k D is the size of the MBZ k θ , which is proportional to the twist angle θ. Since the energy scale of H (k) ∼ Ak 2 D is larger at larger θ, we expect this perturbation argument of the existence of a persistent C = ±1 gap to hold for large enough θ, where the effective H p (k) is perturbative. This is indeed the case, as we have seen in the main text Fig. 3(m) , the large angle phase Λ 1 has a persistent C = ±1 gap extending to higher bands.
In contrast, in the first model with opposite helicity Dirac points, the two zero mode LLs already split in energy without the perturbation. In the perturbed Hamiltonian H(k) + H p (k), both terms will contribute to the energies of the two zero mode LLs. When k D B is of order 1, the energies of the two zero mode LLs are comparable to the van Hove singularity energy, and there is no restriction which forbids the zero mode LLs to reach the van Hove singularities.
IV. TWO EFFECTIVE TIGHT BINDING MODELS OF TBG IN MAGNETIC FIELD
In this section, we present the Hofstadter butterfly calculations of two tight binding models of TBG given in Refs [37, 38] , respectively, which correctly reproduce the nontrivial topology of the lowest two flat bands. In particular, we show that the Hofstadter butterfly of nontrivial fragile topology is generically connected with other bands in both models, which confirms our expectation in the main text.
A. The TB4-1V model in the magnetic field In Ref. [37] the authors proposed a four-band one-valley (TB4-1V) effective tight binding model of TBG. In this model there are s and p z orbitals are situated on each honeycomb sites (or the AB and BA stacking positions of the Moiré lattice.) We use Pauli matrices σ i to represent the Moiré A and B sublattices, and Pauli matrices µ i for the s and p z orbitals (i = x, y, z). The symmetry operators C 2x , C 2z T and C 3z under this basis can be written as C 2x = µ z , C 2z T = σ x K, C 3z = 1, These symmetries give the constraints on the form of the Hamiltonian; for example, the term µ x σ 0 is banned by the symmetry C 2x . The Hamiltonian of this model is given by
As shown in Fig. 7 (e), the model includes a nearest neighbour (differing by displacement vectors δ i ) hopping t and a 3rd nearest neighbour (differ by displacement vectors −2δ i ) hopping t between two s orbitals or two p orbitals, and a 2nd nearest neighbour (differ by displacement vectors d i ) hopping λ between an s orbital and a p orbital. We follow the definition of basis vectors (the nearest neighbour vectors δ i and the second nearest neighbour vectors d i ) in Ref. [37] .
A numerical calculation in TBG [74] shows that the charge density is mainly localized around the AA stacking region. However, because the irreducible representation of the lowest two Moiré bands cannot be written as the positive sum of Elementary Band Representations [75] , the tight binding model is constructed by 4 bands (two sets of topological bands) whose orbitals are located on either AB and BA stacking positions. This indicates the s and p z orbital wave functions should have the shape as shown in Fig. 7(a) .
To study the LLs or Hofstadter butterfly of the TB4-1V model, we first review how the tight binding model is coupled to the gauge field A(r) (Peierls substitution). Since the orbitals are rather extended instead of well localized on AB or BA stacking sites, and have charge densities dominantly away from AB or BA stacking sites, we need to carefully reconsider the gauge field coupling of their hoppings. Suppose the local orbital Wannier functions are given by W α (r − R i ). The hopping between W Ri and W Rj without a magnetic field is given by integral
where the operatorĤ is the bare Hamiltonian for electronĤ = −∇ 2 2m + U (r), the potential energy U (r) is periodic with period given by the Bravais lattice, and m is the electron mass. In the presence of a gauge field, the Hamiltonian becomes
We define a set of new local Wannier basis as
where r = R + λ(r − R) in the integral is along the straight line between R and r (λ ∈ [0, 1]). We can then evaluate the hopping matrix elements of the Hamiltonian in the gauge field under this new basis as t ij = W i | H| W j . The reason we define the hopping t ij in this way (as opposed to, say t ij = W i | H|W j ) is that, when A(r) = ∇f (r) is a pure gauge transformation, W R (r) and H will simply be the gauge transformation of the original Wannier function W R (r) and Hamiltonian H, and one will find
When the Wannier function W R (r) has a size far smaller than the unit cell size and the magnetic length B , and is well localized at site R, following the derivation given by Luttinger [76] , one can obtain the Peierls substitution in the textbook t ij = t ij exp ie
Rj Ri
A · dl . In contrast, when the Wannier function size is not small or has a delocalized shape, we need a better approximation than the Peierls substitution. First, note that
Using the identity
, one can rewrite the second term in Eq. (14) as (recall that r = R + λ(r − R)):
where we have used the facts ∇ r × (r − R) = 0, ∇ r (r − R) = 1 and ∇ r A(r ) = λ∇ r A(r ). Since we are only interested in uniform magnetic fields, we have ∇ r A(r ) = B independent of coordinate r , so we find
With Eq. (16), we can then evaluate the hopping matrix elements in the gauge field as:
where the integral in the exponent is done along contour c ij,r which goes from R i to r and then to R j in straight lines. The main contributions to t ij come from positions r where W Ri (r) and W Rj (r) have a large overlap probability. In the TB4-1V model, the amplitude of Wannier function W Ri (r) is concentrated at AA stacking positions within a small size b as shown in Fig. 7(a) . Therefore, t ij in Eq. (17) are dominated by r near AA stacking positions, are illustrated in the Fig. 7(b)-(d) . In particular, when r is near an AA stacking, the gradient operator ∇ in Eq. (17) is of order 1/b (b is the diameter at AA stacking within which the charge density is concentrated, see Fig. 7(a) ), while the term e(r − R j ) × B is of order D/ 2 B , where D is the edge length of the hexagonal Moiré unit cell (see Fig. 7(a) ), and B is the magnetic length. Provided b 2 B /D, the term e(r − R j ) × B will be much smaller than ∇, and thus can be ignored in Eq. (17) . The hopping then becomes
For θ near the magic angle, D ∼ 7nm, the size b ∼ 2nm, so such an ignorance of e(r − R j ) × B requires B √ bD ∼ 4nm, or B
40T. The physics we propose happens around 10T to 15T, so our approximation is accurate. We note that the standard derivation of Peierls substitution [76] also ignores the term e(r − R j ) × B.
Now we consider the nearest, 2nd-nearest, and 3rd-nearest hopping integrals in TB4-1V model, as shown in the Fig. 7(b 
1) The nearest hopping t, which is mainly contributed by the overlaps of W Ri and W Rj localized at two positions AA 1 and AA 2 as shown in Fig. 7(b) . When there is no magnetic field, the hopping is given by
The two parts contributed by region AA 1 and region AA 2 are equal, because of C 2z T symmetry. In a magnetic field, the hopping is contributed by two integrals at regions AA 1 and AA 2 with different Peierls phase factors:
where c 1 (c 2 ) is the contour of straight lines from R i to position AA 1 (AA 2 ) and then to R j (see Fig. 7(b) ). The two integrals e ie c 1 dr·A(r) and e ie c 2 dr·A(r) differ by a phase factor; this phase is given by the magnetic flux enclosed between c 1 and c 2 .
2) The 2nd hopping λ and 3rd nearest hopping t . As shown in Fig. 7 (c) and (d), respectively, The Wannier functions only overlap at one AA stacking location. From Eq. (18), one obtain
where c 3 and c 4 are the contours along the arrowed (broken) straight lines shown in Fig. 7 (c) and (d), respectively. Before we perform the LL calculation, we first review the band structure and topology of the TB4-1V model. From [37] , the energy at high symmetry points Γ, M and K of the model are given by
where ∆, t, t and λ are the parameters in the Hamiltonian in Eq. (12) . Here Γ 1 , Γ 2 , K 2 K 3 , etc. stand for the irreducible representations formed by the bands, which can be read from the Bilbao server [75] . The energies at K M and K M points are two-fold degenerate, giving rise to protected Dirac cones at
Here we shall assume ∆ > 0. The model is in a trivial phase when
in which case the lower two bands have irreducible representations 2Γ 2 , 2M 2 , K 2 K 3 . On the contrary, the model becomes topologically nontrivial if
since the lower two bands have irreducible representations
They are the same as the irreducible representations of the two TBG Moiré bands at one graphene valley. If we also want to make the lower two bands to be flat, we can assume
The band structures of the topological trivial and nontrivial phases are shown in Fig. 8 
gap C=1 Fig. 2 . (e) We change the parameters to t = 2, t = −t/3, λ = t/ √ 27 and ∆ = 1, which is still in the topological phase. (f) The Hofstadter butterfly for parameters in (e), which is still entangled between the lower two and the higher two bands. The Zoomed-in inset shows the topological LLs with C = −1. (g) The phase transition from trivial to topological phases, which involve six Dirac points (black dots) between the 2nd and the 3rd bands moving along ΓM lines from Γ to M . number of the lower two bands from 0 to 1. Note that the C 2x and C 3z symmetry requires the 6 Dirac points to be symmetric about each Γ M M M line.
In addition, the van Hove singularities of the 2nd band and the 3rd band touch each other at certain instant during the process. This can be understood as follows (here the magnetic field B = 0): the red shaded area in Fig. 8(g ) illustrates the region occupied by electrons in the MBZ when the Fermi level is at the van Hove singularity of the 2nd band. At this energy, the two Fermi surfaces (the boundary of the red shaded region) enclosing the two Dirac points at K M and K M (Dirac points between the 1st and 2nd bands) touch each other on the three Γ M M M lines. Essentially, the van Hove singularity is by definition the energy where the two Fermi surfaces around K M and K M (in the 2nd band) touch each other, and by C 2x symmetry they have to touch on the Γ M M M lines. When the model parameter changes, the shape of this Fermi surface at the 2nd band's van Hove singularity (the boundary of the red shaded region) may change, but the Fermi surface touching points will remain robust on Γ M M M lines. Since the model is particle-hole symmetric about the 2nd and the 3rd band, the Fermi surface at the 3rd band's van Hove singularity has exactly the same shape. During the intermediate metallic phase, the 6 Dirac points between the 2nd and 3rd bands move along the Γ M M M lines. Therefore, there has to be an instant where 3 of the 6 Dirac points (3 because of C 3z symmetry) coincide with the touching points of the Fermi surface of the 2nd (and 3rd) band's van Hove singularity on the Γ M M M lines. At this instant, the 3 Dirac points, the van Hove singularity energy of the 2nd band, and the van Hove singularity energy of the 3rd band are at the same energy; in other words, the van Hove singularities of the 2nd and the 3rd bands touch each other. We calculate the Hofstadter butterfly by applying a uniform magnetic field to the tight binding model using the Landau gauge A = (0, Bx). The magnetic flux through each hexagonal Moiré unit cell is Φ =
where D is the Moiré unit cell edge length (distance between nearest AB and BA stackings) defined in Fig. 7(a) . Under this gauge, the y direction translation is preserved (see Fig. 7 for the definition of x and y direction). Under a translation of lattice vector a 2 (defined in Fig. 7(e) ), the three hoppings t, λ and t in Fig. 7(b) ,(c),(d) will pick up a phase t → te 
where Φ 0 = 2π /e is the flux quanta, all the hoppings recover after a translation qa 2 , namely, the magnetic unit cell is q times of the original unit cell. For twist angles θ ∼ 1 • , one has Φ/Φ 0 = 1 when B ∼ 25 T. We then solve the eigenenergies of the TB4-1V tight binding Hamiltonian under magnetic field. The results for topologically trivial and nontrivial phases are shown in Fig. 8 (b) and (d) , respectively. One can clearly see that the topologically trivial phase has two Hofstadter butterflies bounded within the lower two bands and the higher two bands, respectively. In contrast, the Hofstadter butterflies from the lower two bands and the upper two bands topological non-trivial phase are entangled at large magnetic fields, thus not bounded by their own band widths. The Hofstadter butterfly is periodic for Φ/Φ 0 → Φ/Φ 0 + 3, because the minimal magnetic flux an electron picks up when hopping along a loop connecting different sites is Φ/3 under the modified Peierls substitution we used here. More explicitly, the smallest hopping loop (the triangle around a site R i and two of its nearest neighbours) has a total hopping amplitude (multiplication of hoppings at each step) t 2 λ cos 2 (
3Φ 0 , which is periodic for Φ/Φ 0 → Φ/Φ 0 + 3. To determine the Chern number in the Hofstadter gaps, we set the open boundary condition along x direction, and solve the energy spectrum and edge states. The Chern number of a gap can be obtained by counting the number of chiral edge states in the gap. We calculate the edge modes of TB4-1V with tight binding parameters in Fig. 8 (c) for Φ/Φ 0 = 1/5, 1/2, 2/3 and 4/5. The results are shown in Fig. 9 (a)-(d) , where red and green lines are the edge states on the left and right edges, respectively. In the butterfly in Fig. 8 (d) for the topological phase, one sees the Hofstadter butterfly of the lower two bands is heavily connected with that of the higher two bands. In particular, there is a Hofstadter gap carrying Chern number C = 1 breaking above the rest butterfly of the lower two bands (see the inset of Fig. 8 (d) ). Since this model is strongly particle-hole asymmetric (although characterizes the topology of TBG flat bands correctly), its feature is not quantitatively the same as that of the TBG continuum model. However, they are qualitatively the same.
To show this feature is topologically robust and independent of band dispersions, we plot the band dispersions and Hofstadter butterfly of the TB4-1V model with another set of parameters in Fig. 8 (e) , (f) (see captions therein for the hopping parameters, which are still in the topological phase), and its edge modes at Φ/Φ 0 = 1/2 in Fig. 9 (e) . We can see that the connectness of the Hofstadter butterfly is robust.
B. The TB4-1V model in the magnetic field using the conventional Peierls substitution
We have demonstrated in Fig. 7 that the conventional Peierls substitution does not apply to the TB4-1V model in magnetic fields. However, we now show that the qualitative aspects of our topological LL is not sensitive to the type of Peierls substitution we consider. As a comparison, in this subsection we calculate the Hofstadter butterfly of the TB4-1V model using the conventional Peierls substitution. 4 D 2 B = Φ/6Φ 0 , which is periodic when Φ/Φ 0 changes by 6. As one can see, the Hofstadter butterfly of the lower two bands is still bounded by the band widths for trivial phase, and unbounded by the band widths and connected with the other bands for the topological phase. Fig. 10 (d) and (e) give the open boundary edge state calculations in the topological phase. The Hofstadter butterflies under the two kinds of Peierls substitutions we used (in Figs. 8 and 10 respectively) have similar shapes. In particular, for Φ/Φ 0 1, one can still see the C = 1 Hofstadter gap breaking above the rest Hofstadter butterfly of the lower two bands (see the in-gap Chern numbers in the zoom in Fig. 10 (c) ), which qualitatively agrees with the result not using conventional Peierls substitution (Fig. 8(d) ).
C. The ten-band effective model in the magnetic field
In this section we calculate the Hofstadter butterfly of the ten-band tight binding model in Ref. [38] , which is given in Eq. (3) of the paper. There are three p z,± orbitals on each plaquette center (big yellow hollow circles in Fig.  11(e) , taken from Ref. [38] ), one s orbitals on each Kagome site (blue solid dots labeled by (1),(2),(3) in Fig. 11(e) ), and two p ± orbitals on each honeycomb sites (dashed circles labeled by (A),(B) in Fig. 11(e) ). This ten-band model reproduces the low energy band dispersion of TBG and the topology. There are several orbitals sitting at various positions; we will not consider the shape of the Wannier wave functions, and simply use the conventional Peierls substitution
in which the integration is along the straight line c from R i to R j . We have enlarged the parameter δ in the ten-band Hamiltonian H(t, δ) of Ref. [38] (see their Eq. (3)) to 1.84, and keep all the other parameters unchanged. In Ref.
[38], they set δ = 1. Such a change in δ does not close any gap, so the band topology remains unchanged. The reason we enlarge δ is to make the gap between the lowest conduction (valence) band and the second conduction (valence) band larger, so that the topological features of the Hofstadter butterfly of the ten band model can be seen clearer (the same topological feature can still be seen for δ = 1, as we have checked). The band structure and the Hofstadter butterfly are shown in Fig. 11 . In Fig. 11(d) As one can see, around magnetic field Φ Φ0 = 1, the Hofstadter butterfly of the lowest two bands are connected with higher bands: one Hofstadter band moves above (on the electron side) and one moves below (on the hole side) the energy range of the flat bands, and connects to the higher bands, leading to a C = +1 gap and a C = −1 gap extending to the energies of higher bands on the electron and hole sides, respectively. This agrees with our expectation from main text Eq. (3). Due to the particle-hole asymmetry of this 10-band tight binding model, the Hofstadter band energies of the positive and negative LLs are not identical; however, we can still identify the topological features on both sides.
To verify that the two Hofstadter gaps have Chern number ±1, we calculate the edge states with the open boundary condition. When the magnetic field is small, as can be seen in Fig. 12 (a) and (b) (where red and green are edge states on the left and right open boundaries, respectively), the gap between the flat bands and the higher bands has no edge state; thus, has Chern number C = 0 (the gaps labeled by C = 0 in Fig. 11 (d) ). In contrast, when the magnetic field is large ( Φ Φ0 > 1), there is one edge state in the gap between the butterfly of the lowest conduction (valence) band and the topological LL (Fig. 12 (c) ), which indicates Chern numbers C = ±1 on the electron and hole sides, respectively (the gaps denoted by C = +1 and C = −1 in Fig. 11 (d) ).
V. THE CONTINUUM MODEL HAMILTONIAN UNDER MAGNETIC FIELD
When an out of plane magnetic field B is added, the momentum k is replaced by k − eA/ , where the gauge potential A = (By, −Bx)/2. Define the magnetic length B = /eB. We can then define the LL raising and lowering operators as
which satisfies commutation relation [a, a † ] = 1, and k 0 = (k 0x , k 0y ) are free parameters. The continuum model Hamiltonian of TBG in the magnetic field can then be obtained by the substitution
in Eq. (5). The basis of the Hamiltonian is the tensor product of the original orbital basis of Eq. (5) with the eigen-basis |l of a † a (which satisfies a † a|l = l|l ). The free parameter k 0 = (k 0x , k 0y ) is the center momentum of the wave function of each eigenstate |l in the momentum space (l ≥ 0). For instance, the zero-th Landau level |0 has a momentum space wave function ψ 0 (k) = k|0 = e
, which is rotationally symmetric about k 0 . Note that the Hamiltonian (5) only contains terms linear in momentum k, so after the substitution one get a Hamiltonian no higher than linear order of a and a † . By applying a momentum space area cutoff A k = N BZ Ω BZ in the Hamiltonian (5) (see Fig. 5 ), and a cutoff in the LL number l ≤ N after the substitution (24), we can solve for the LLs numerically.
In addition, a Zeeman energy
where µ B = 5.79 × 10 −5 eV·T −1 is the Bohr magneton, ± are for spin up and down, respectively, can be easily added.
VI. EDGE STATES AND SPECTRAL FLOW IN LL CALCULATIONS
By diagonalizing the Hamiltonian in magnetic field B as described in Sec. V above, one can obtain a LL spectrum which captures the outline of the Hofstadter butterfly at large B fields, as one can see in main text Fig. 3 and the supplementary Figs. 15 and 16. Meanwhile, there are flowing levels in the Hofstadter gaps known as spectral flows, which we will show are due to edge states in the open momentum space, since we do not have periodic boundary conditions usually imposed in conventional Hofstadter butterfly calculations. In this section, we develop a method to read out the number of edge states in a LL or Hofstadter butterfly gap from the spectral flows in our numerical calculations, from which we can determine the Chern number of the gap.
Before we begin, we comment on the choice of center momentum k 0 in Eq. (24) in our calculations. For a finite LL cutoff N , the resulting LL spectrum will have a slight dependence on the choice of center momentum k 0 in Eq. (24), which becomes negligible at large B. This is because large B corresponds to small magnetic length B , and the effect of shifting the center momentum is proportional to the dimensionless parameter k 0 B , which tends to zero at large B. In principle, the Hofstadter bands in the N → ∞ limit should not depend on the center momentum k 0 . This is because a shift from center momentum k 0 to k 0 + p only changes (a, a † ) → (a , a † ) = (a − p + , a † − p − ), where p ± = p x ± ip y . For N = ∞, this only induces a transformation of the LL basis from
Since both the old basis |l and the new basis |l are orthonormal and complete, this transformation is unitary, and does not change the energy spectrum.
A. Spectral flow in open real space LL calculations
In general, in a 2D system with an out-of-plane magnetic field B, there will be in-gap chiral edge states on the real space edges due to the Chern numbers of LLs (Hofstadter bands). The standard calculation of the Hofstadter butterfly where the periodic boundary condition is carefully treated [64] is done on a closed manifold without edges. Therefore, only the bulk Hofstadter bands occur, and no in-gap edge states can be obtained. In contrast, if one calculates the energy levels in an out-of-plane magnetic field B on a manifold with edges, one will obtain both the bulk Hofstadter bands and the edge states in the bulk gaps. For instance, if one calculates a model in an out-of plane magnetic field B on a cylindrical strip as shown in Fig. 13(a) , which has an open boundary condition in the x direction and is periodic in the y direction, one expects to see in-gap edge states as a function of k y (which is a good quantum number in the Landau gauge (A x , A y ) = (0, Bx)) for a fixed magnetic field B. Fig. 13(b) is a schematic plot of the energy levels E j (k y , B 0 ) (j labels different levels) at a fixed magnetic field B 0 for a generic model, where only the two Hofstadter bands above and below the gap (blue shaded area) are plotted; between these two bands there exists one chiral edge state coming from the top edge (blue solid line) and one from the bottom edge (red dashed line), respectively. This implies a total Chern number C = 1 in the gap (of all the bands below the gap).
In Ref. [68] , it is shown that the edge states can also be read out by plotting the energy levels E j (k y , B) as a function of magnetic field B (in z direction) for a fixed k y (on the cylindrical strip in Fig. 13(a) , and (A x , A y ) = (0, Bx)). For the discussion here, we set x = 0 (x = N x , lattice constant is set to 1) at the top edge (bottom edge) labeled in Fig.  13(a) . For a square lattice (with a lattice constant 1), if a Hofstadter gap (which changes continuously as a function of B in the Hofstadter butterfly) carries Chern number C, the authors of Ref. [68] show that there will be C edge state levels in E j (k y , B) (with a fixed k y ) flowing across the gap when the flux φ Nx = N x B in N x × 1 plaquettes (see Fig. 13(a) ) changes by 2π, which is called the spectral flow. Here we generalize this result to the LL spectrum on a generic 2D open manifold via the following observation. Assume the cylindrical strip in Fig. 13(a) has period N y (number of sites) in the y direction. k y can then only take N y discrete values k Fig.  13(c) . The in-gap levels at a fixed B = B 0 in Fig. 13 (c) (blue dots) are simply the edge states at the momentums k (m) y = 2πm/N y in the edge state dispersion at B = B 0 shown in Fig. 13(b) . In the example of Fig. 13(b) where the Chern number in the gap is C = 1, if we fix a constant Fermi energy in this gap (which can be chosen arbitrarily), as φ Nx increases by 2π, each momentum k (m) y will have one level crossing the Fermi energy in the gap; thus in total one would expect N y levels of all the momentums k (m) y to flow across this Fermi energy in the gap. Equivalently, this means when φ Nx increases by 2π/N y , or the total flux through the manifold φ tot = N y φ Nx = N x N y B increases by 2π (the magnetic field increases by ∆B = 2π/(N x N y )), there will be one level flowing across the Fermi energy in the gap. Therefore, the magnetic field distance ∆B of two neighbouring flowing levels along a constant energy line in the gap with Chern number C = 1 (see Fig. 13(c) ) is given by ∆B = 2π/(N x N y ).
This result can also be understood from a flux threading argument. In increasing the out-of-plane B field, we can fix the gauge field to be (A x , A y ) = (0, 0) on the top edge (x = 0, labeled in Fig. 13(a) ), while at point (x, y) the gauge field is (A x , A y ) = (0, Bx). This correspond to a 3D magnetic field configuration as shown in Fig. 13(a) , where the B field is thread from the loop of the bottom edge (x = N x ) and then come out of the cylinder surface, keeping the flux through the top edge 0. Accordingly, the total gauge flux threaded in the loop of the bottom edge is equal to the total out-of-plane flux through the cylinder surface φ tot = N y φ Nx = N x N y B. If we view the bottom edge as a 1D system with |C| chiral fermions, a change of the threaded flux φ tot by 2π will lead to a level shift for each chiral fermion. Therefore, there will be in total |C| levels shifted on the bottom edge when φ tot changes by 2π. Meanwhile, no level shifts occur on the top edge, as the flux threaded in the loop of the top edge is fixed at 0.
For Landau level (Hofstadter band) calculations of a lattice on a generic 2D open manifold with a boundary, the above principle can be generalized as follows. Assume the total area of the manifold is A tot . Then if one plots all the energy levels versus magnetic field B, in a Hofstadter gap with Chern number C, one would expect to see |C| flowing levels when the total flux φ tot = BA tot changes by a flux quanta Φ 0 = 2π /e (here we recover the units and e), and the sign of C determines the direction of flow. In fact, this can be understood from the celebrated Streda formula for a 2D system in a magnetic field B [66] :
where e is the electron charge, n is the occupied electron number density in the bulk, and σ xy is the Hall conductance. If the system is situated on an open manifold with total area A tot , the electron number density n = N occ /A tot , where N occ is the number of occupied electron states below the Fermi energy F . When the Fermi energy F is in a Hofstadter butterfly gap (well defined in a certain range of B) with Chern number C, the Hall conductance
is invariant versus B. Therefore, for fixed total area A tot , when the magnetic field changes by ∆B, the Streda formula (25) tells us the change ∆N occ in number of occupied states N occ is
where Φ 0 = 2π /e. Therefore, when the total magnetic flux changes by ∆φ tot = A tot ∆B = Φ 0 , one has ∆N occ = C, indicating there are C levels flowing across the Fermi level F , and thus across the gap since F can be chosen anywhere in the gap. In particular, because the Hofstadter gap does not collapse as a function of B, the C levels flowing across the gap have to come from (1) the physical edge states for a manifold with boundary, or (2) edge states made by a change in flux (the flux is threaded through a clear surface area).
B. Spectral flow in open momentum space LL calculations
The above principle in Eq. (26) can be applied to our case by duality to momentum space. Recall that in our numerical calculation of LLs, we first take a momentum space area cutoff A k = N BZ Ω BZ (see Fig. 5 and also Fig.  13(d) ) in the continuum model Hamiltonian Eq. (5) before we make the substitution in Eq. (24) of k ± into a, a † . Here Ω BZ is the area of the Moiré BZ. Therefore, we are in fact doing the LL calculation on a momentum space open manifold of area A k (with a momentum space tight-binding Hamiltonian (5), instead of a real space open manifold). On the other hand, it is known that the momentum space and real space are dual to each other in the LL physics (not only for the zeroth LL), by which we can write down a formula similar to the Streda formula (26) for the momentum space. This can be most easily seen in the Landau gauge (A x , A y ) = (0, Bx), under which k y is a good quantum number for Landau levels. the translation operator in y direction is therefore P y = k y − (eB/ )x. Equivalently, one can view P kx = −( /eB)P y = x − ( /eB)k y as the translation operator in the momentum space k x direction, and x = i∂ kx is the good quantum number (guiding center) in the momentum space representation. If one redefines B = 2 /(e 2 B) , one can rewrite P kx as P kx = x − (e B/ )k y , and the problem is mapped into the momentum space. Therefore, one could view the magnetic field B in the real space as a "magnetic field" B = 2 /(e 2 B) in momentum space. Since our calculation is done on a momentum space manifold with area A k = N BZ Ω BZ , we can apply the spectral flow principle in Eq. (26) to momentum space: in a Hofstadter gap, the number of spectral flow levels ∆N occ in a "magnetic field" interval ∆ B satisfy
where n = N occ /N BZ Ω BZ is the electron "number density" in the momentum space, and C K ∈ Z can be understood as a momentum space dual Chern number of the Hofstadter gap (we will explain its relation with the actural Chern number C in the below). Equivalently, one can rewrite the above formula as
where Φ = BΩ = 4π 2 B/Ω BZ is the magnetic flux per real space unit cell area Ω. Or explicitly, this gives
Therefore, one expects to see ∆N occ = 1 spectral flow level every real magnetic field interval
This formula allows us to determine C K in the Hofstadter gap. This spectral flow is due to the edge states on the boundary of the finite momentum space of area A k . The dual Chern number C K is not yet the real Chern number C which is related with the Hall conductance σ xy . This is because the momentum space density n = N occ /N BZ Ω BZ in Eq. (27) is not the real space electron density n. In this method, note that each energy level is a Landau level which has real space size 2π 2 B , we conclude the real space electron density away from charge neutral point is
where N occ is the number of occupied states counted from the charge neutral point. The reason to have N BZ in the denominator is because, by having a momentum space of N BZ Brillouin zones, we have duplicated the number of physical states by a factor N BZ , namely, N occ /N BZ is the true number of physical states. Then according to the real space streda formula (26) , the actual Chern number C giving Hall conductance is given by
Therefore, the Chern number C in a Hofstadter gap can be determined in this method by counting the number of occupied states N occ and extracting out the dual Chern number C K from the spectral flow.
As we have shown, the spectral flow distance ∆B in Eq. (30) only depends on N BZ , so one may wonder whether the LL number cutoff N matters. In fact, the cutoff N is the total number of flux quanta one applies in the entire momentum space. The big circle in Fig. 13(d) illustrates the area in which the N Φ 0 magnetic flux is uniformly distributed, which has an area 2πN −2 B , and is centered at the center momentum k 0 we choose in our LL numerical calculations (Sec. V). In the derivation of Eq. (30), the spectral flow is induced by the change of the total flux within the momentum space area A k (the lattice area illustrated in Fig. 13(d) ). If the area inside the big circle in Fig. 13(d) is bigger than A k , the momentum space "magnetic field" B is applied uniformly in the momentum space area A k . Therefore, the total flux in the momentum space open manifold A k increases as B increases, leading to Eq. (30) . On the contrary, if the big circle in Fig. 13(d) is smaller than and inside the area A k , the total flux in the area A k will be constantly N Φ 0 , independent of B, and one would not expect the spectral flows of Eq. (30) . Therefore, to see the spectral flow given by Eq. (30), the big circle within which the total flux is distributed has to be greater than the open manifold area A k in momentum space, namely, N Φ 0 / B > A k . This gives a requirement that the flux per unit cell
for the spectral flow picture to be valid. A rigorous theoretical derivation of the above method will be given in a separate paper [69] .
C. Numerical results of the Hofstadter spectrum of TBG (Moiré) Brillouin zones to N BZ = 36, and the Landau level cutoff N L = 60, so that the spectral flow behaves as expected when Φ/Φ 0 N BZ /N L = 0.6. Besides, we have used the zero angle approximation, so that the spectrum is strictly particle-hole symmetric, and we only plotted the positive energy spectrum. In order to cover the entire range of Φ/Φ 0 from 0 to infinity, we define the x axis coordinate as x = Φ/Φ 0 when 0 ≤ Φ/Φ 0 ≤ 1, and x = 2 − Φ 0 /Φ for Φ/Φ 0 > 1, so that infinite flux is mapped to x = 2 (we still label it as Φ/Φ 0 = ∞ for convenience).
The zoom-in panel on the right illustrate the determination of C K from spectral flow: the red thick dashed line parallel to the Hofstadter band edge (the denser region) below it cuts a number of flowing levels, and the distance between neighbouring flowing levels along the cut gives the inverse flux change ∆(Φ 0 /Φ) for ∆N occ = 1 level to flow out of the Hofstadter band below the gap. In the gap of the zoom-in panel, one finds ∆(Φ 0 /Φ) ≈ 1/36 = 1/N BZ , which gives a dual Chern number C K = 1. Similarly, one can obtain the dual Chern number C K of other gaps, some of which are labeled in Fig. 14 .
Next, to figure out the actual Chern number C of a Hofstadter gap, one needs to count the number of levels N occ between the charge neutral point and the Hofstadter gap at a particular magnetic flux Φ/Φ 0 . There is, however, a subtlety in the counting. As one can see from Fig. 14 , at large Φ/Φ 0 , there are a number of horizontal energy levels which do not disperse with respect to Φ/Φ 0 . These levels are spurious levels due to Landau level number cutoff N , and should not be counted in N occ . More explicitly, consider a Dirac fermion in a magnetic field:
where a and a † are lowering and raising operators of Landau levels, and p ± = p x ±ip y denotes the momentum position of the Dirac point. Assume one takes a Landau level cutoff N . In the large B limit, p ± B → 0, and one finds there are two zero modes under the Landau level cutoff N :
The first zero mode ψ A is the physical zero mode of Dirac fermion we know, while the second zero mode ψ B is a spurious zero mode due to the cutoff. In the TBG continuum model, there are 2N BZ Dirac fermions coupled via momentum space hopping w. Therefore, one will get 2N BZ spurious zero modes at large B, which couple only among themselves via the momentum space hopping w. Therefore, these modes do not disperse with respect to B, and should be ignored since they are unphysical. More detailed explanation will be given in a separate theoretical paper [69] . By ignoring the nondispersive unphysical modes, one is able to count the number of states N occ between a gap and the charge neutral point. For instance, for the gap of the zoom-in panel in Fig. 14 , one finds N occ ≈ 2N BZ at flux Φ/Φ 0 = 1, and therefore the actual Chern number of the gap is C = (N occ /N BZ ) − C K Φ 0 /Φ = 1. One can check that the result doesn't depend on the flux Φ/Φ 0 one looks at. Similarly, we can obtain the actual Chern number of other gaps, as shown in Fig. 14 • . Some of the in-gap Chern numbers C determined from our spectral flow method are labeled. As θ decreases, one can clearly see a transition around 1.9
• , where the extended C = 1 gap breaks into two, giving way to the connected C = 0 gap. Another transition happens around 1.1
• , where the Hofstadter is reconnected at Φ/Φ0 = 1/2 and 1. The horizontal lines at large Φ/Φ0 are spurious modes which should be ignored (see Eq. (35) • (system parameters such as Fermi velocity therein may slightly differ from ours), where the x axis is Φ0/6Φ in our convention. One can clearly see the C = ±1 gap (the two most obvious gaps) extending to higher bands and infinite Φ/Φ0, which is in phase Λ1 we identified. Fig. 15 shows the Hofstadter butterfly of the TBG continuum model at various angles for Φ/Φ 0 from 0 to ∞, where the corrugation parameter is u 0 = 1 (no corrugation or relaxation). In the calculations, we have used the zero angle approximation, so that the Hofstadter butterfly is particle-hole symmetric, and only the positive energy spectrum is drawn.
At large angles θ 1.9
• , one can see there is a C = 1 Hofstadter gap extending from the charge neutral point in the lowest two bands all the way to higher bands as B increases, so that the Hofstadter butterfly of the lowest two fragile topological bands are connected with that of the higher bands. This is phase Λ 1 in the main text Fig. 3(m) . This agrees with our expectation from main text Eq. (3) as well as the Hofstadter butterflies of the fragile topological tight-binding models in Refs. [37, 38] . Namely, fragile topology leads to a Hofstadter butterfly connected with other bands, closing the gap between the fragile topological bands and some other bands. We note that this extended C = 1 gap in the TBG Hofstadter butterfly can also be seen in the large angle Hofstadter calculated using periodic method in Ref. [70] (Fig. 2 therein, captured as Fig. 17 here) .
As the angle decreases to θ below 1.9
• , the C = 1 gap closes at Φ/Φ 0 = 1 and breaks into two disconnected gaps, giving way to the trivial C = 0 gap between the lowest conduction band and the next band, which is phase Λ 2 in the main text Fig. 3(m) . The Hofstadter butterfly of the lowest two bands is not connected with higher bands at any finite Φ/Φ 0 . We conjecture this is because the Hofstadter butterfly of the continuum model is not periodic. If one wants to define periodicity, one needs to add the Φ/Φ 0 = ∞ point by identifying +∞ with −∞. In this way, we conjecture the Hofstadter butterfly is still connected at Φ/Φ 0 = ∞. This trend can be seen from the numerical calculations in Figs. 15 and 16 , where the Hofstadter spectrum above the C = 0 gap near Φ/Φ 0 approaches zero energy, tending to connect with the Hofstadter butterfly at zero energy and close the C = 0 gap.
When the angle is below 1.1 • , the Hofstadter spectrum enters phase Λ 3 , and becomes reconnected between the lowest two bands and higher bands at Φ 0 /Φ = 1/2 and 1. A clear feature one can see in the last row of Fig. 15 is the emergence of a C = 2 gap extending from the lowest conduction band to higher bands. In addition, the fact that the Hofstadter butterfly also reconnects at Φ 0 /Φ = 1 indicates the reconnection of the C = 1 gap in the Λ 1 phase, although this gap is not quite clear in Fig. 15 . Therefore, phase Λ 3 has both a C = 2 gap and a C = 1 gap from the lowest conduction band extending to higher bands.
We then explore the Hofstadter spectrum of more angles and corrugations 0 ≤ u 0 ≤ 1, some of which are shown in Fig. 16 . Based on our calculations, we find a phase diagram of the three phases Λ 1,2,3 with respect to θ and u 0 as shown in main text Fig. 3(m) . In particular, phases Λ 1 and Λ 3 which has connected Hofstadter butterfly at finite Φ/Φ 0 dominate the parameter space, while we conjecture phase Λ 2 also has Hofstadter butterfly connected at Φ/Φ 0 = ∞.
VII. NUMERICAL CALCULATION OF SMALL MAGNETIC FIELD LANDAU LEVELS
We now use our numerical method to calculate the LLs at small magnetic fields B. Throughout the calculations in this section, we assume no corrugation, namely, u 0 = 1. For small B, one needs a larger LL number cutoff N to obtain the full Hofstadter spectrum, since the largest LL orbital in momentum space has a size √ N − B 1 = N eB/ , which needs to be larger than the MBZ size k θ for the spectrum obtained to be complete.
However, in the case √ N − B 1 < k θ , one can still obtain the LLs contributed by the band edge at some momentum p by choosing the center momentum k 0 at point p. The calculation in this small B limit simply reduces to that of the k · p model near point p.
In the following LL calculation for different angles θ, we set the cutoffs to N BZ = 36, and N = 90. Besides, in the calculation, we can easily apply (or not) the zero twist angle approximation, which gives PHS (PHNS) LL spectrum. The calculation without the zero twist angle approximation is more realistic, but in general the LLs in these two cases have little differences (except the charge neutral point is shifted in energy by about −2meV, which does not change the physics).
A. LLs at exactly the magic angle with quadratic band touching Fig. 18 shows the numerical results of low energy LLs for exactly the magic angle θ m = 1.0
• with α = 0.605. In the calculation, we did not use the zero angle approximation, so the spectrum is PHNS. In particular, the K M , K M Dirac points are no longer at zero energy, but at about −2.3meV, which is the charge neutral point of the TBG. The magic angle LL spectrum in larger energy and magnetic field intervals can be seen in Fig. 15(c) .
At the magic angle, the Dirac points at K M , K M become quadratic band touching (Eq. (38)), as shown in Fig.  18(d) . A quadratic band touching has a LL spectrum E ±l ∝ ± l(l − 1)B linear in B, where l ≥ 0. There are two zero mode LLs (l = 0 and l = 1). Fig. 18(a) and (b) show the LL spectrum with zero Zeeman field, which are calculated with center momentum k 0 at K M point and M M point, respectively. The two results for different k 0 are slightly different, but one can see the main features remain the same, including the positions of LLs, and the rough shapes of Hofstadter butterfly at large B ( 2T). For B within 10T, the LLs/Hofstadter butterfly of the lowest two Moiré bands are mostly concentrated within an energy range 2meV (as shown in Fig. 18(a) and (b) ). At small magnetic fields, the LLs around energy −2.3 meV are contributed by the quadratic band touching at K M and K M , which have the expected linear dispersion in B. One may also notice the LL spectrum are denser around energies −2.0 meV and −2.5 meV, and these come from two van Hove singularities (saddle points) in the Moire bands (The LLs merge into van Hove singularities). The LLs above −2.0meV and below −3meV are from the band maximum and minimum at the Γ M point (see Fig. 18 (e), note that for θ = 1.0
• there is no band maximum/minimum near M M , instead there is only a saddle point near M M ). The band structure also contains 6 Dirac fermions (of the same helicities) very close to the Γ M point, but their LLs cannot be seen in Fig. 18 . This is because these 6 Dirac fermions are too close to each other (the blue dashed arrow in the energy contour plot Fig. 18(e) points out the rough positions of two of them in 1/3 of the MBZ), and have too large Fermi velocities; the large Fermi velocities make the energies of their non-zero-mode LLs (proportional to Fermi velocity) quickly increase and merge into the van Hove singularities readily at very small B ( 0.04T). Besides, the extremely close distances among them yield large quantum hoppings among their zero mode LLs (see Sec. III and Sec. VIIIA for discussion of such hoppings), so their zero mode LLs already strongly deviate from the energy of the six Dirac points at very small B ( 0.04T), which cannot be resolved at the scale of Fig. 18(a) and (b) . In Fig. 19(f) we show an example: the numerical calculation of the LLs of these 6 Dirac points near Γ M for θ = 1.04
• (the 6 Dirac points are robust for |θ − θ m | 0.1 • ), where we find these LLs quickly merge into the van Hove singularities at B ∼ 0.04T. This is far below the scale of magnetic fields we will discuss, so we can safely ignore these LLs for B 0.1T.
At large magnetic fields, each LL expands into one or several Hofstadter bands with a finite energy span (Fig. 18 ). Since the method we used has a momentum space cutoff N BZ in the continuum model and a LL number cutoff N , we cannot properly take into account the magnetic translation symmetry, so we cannot obtain a clean Hofstadter butterfly; we also observe in-gap edge states called spectral flows [68] (see Sec. VI for detailed explanations), which can be seen clearer for larger B. These in-gap spectral flows slightly depend on the choice of center momentum k 0 , while in contrast, the shape of the Hofstadter bands are independent of the choice of center momentum k 0 . We develop a method to link the in-gap spectral flows [68] with the in-gap Chern numbers in our system, which is given in Sec. VI.
The Zeeman field is important for θ around the magic angle, where the bandwidth of the lowest two Moiré bands is small. Fig. 18(c) shows the LLs with Zeeman splitting taken into account, where red and blue are for spin up and down, respectively. The theoretical Zeeman splitting energy is comparable and even larger than the orbital LL energy spacing in the lowest conduction/valence bands. Therefore, the spin degeneracy is significantly broken. We plot the schematic LLs at the magic angle in Fig. 25 based on the numerical result in Fig. 18 .
B. Near the magic angle
When the twist angle θ is near the magic angle, the K M and K M points will host Dirac fermions with nonzero Fermi velocity v * , and there are several other Dirac points in the Moiré BZ not at high symmetry points, but on high symmetry lines (in the PHS approximation) [37] . When θ > 1.12
• , there are no other Dirac points except for the 2 Dirac points at K M and K M . When θ decreases to 1.12
• (using the PHS band structure), there are 12 Dirac points pairwisely created on the 6 Γ M K M lines. As θ further decreases towards the magic angle θ m = 1.0
• , 6 of the Dirac points stay on the Γ M K M lines close to the Γ M point; while the other 6 Dirac points first move along Γ M K M to Γ M point, then move along Γ M M M lines to M M , and lastly move along M M K M lines to K M (K M ), leading to quadratic band touchings at K M (K M ) when θ reaches θ m . (If one does not impose the PHS approximation, the Dirac points on Γ M K M lines will slightly deviate from the Γ M K M lines.) These additional Dirac points will also contribute to the LLs. The l-th LL of a linear Dirac fermion has an energy proportional to ± √ lB. In particular, each Dirac fermion has a zero mode. Fig. 19 shows the LLs (without the zero twist angle approximation, therefore PHNS) for θ = 1.04
• (α = 0.583). For the case, there is one Dirac fermion at each K M and K M , respectively; furthermore, there are 6 Dirac fermions on Γ M -M M lines (3 have an energy above the charge neutral point, the other 3 have an energy below the charge neutral point, labeled by "Dirac 1" and "Dirac 2" in Fig. 19(d) and (g), respectively), and 6 Dirac fermions close to Γ M point near the labeled arrows "Dirac 3 & 4" in Fig. 19(d) and (g) .
At small B field ( 0.5T), in Fig. 19(a) , (b) and (e) (without Zeeman field, (a) and (b) are calculated with the center momentum k 0 at K M and Γ M , respectively, while (e) is the zoom in of (b)), one can see the zero modes from the Dirac fermions at K M and K M at energy −2.34 meV (the charge neutral point, see red arrows in Fig. 19(d) and (e)). In addition, there are 3 zero modes at −2.25 meV and another 3 at −2.43 meV, which are from the 3 Dirac fermions above charge neutral point and the 3 Dirac fermions below charge neutral point on Γ M -M M lines, respectively (see green arrows labeled by "Dirac 1 zero LLs" and "Dirac 2 zero LLs" in Fig. 19(e) ). The LLs of the 6 Dirac fermions close to Γ M point, however, cannot be seen at the scale of Fig. 19(a), (b) and (e). As we explained in subsection VIIA, this is because of their large Fermi velocities and small momentum separations, which make their LLs (including the zero mode LLs) quickly deviate from the energy of these 6 Dirac points as B increases, and grow to energies comparable to the van Hove singularity. To resolve these LLs, we calculate the small B field (0T to 0.04T) LL spectrum by choosing the center momentum k 0 at one of the 6 Dirac points near Γ M , and the result is plotted in Fig. 19(f) . As Fig. 19(f) shows, the LLs around −2.45meV are those of the 6 Dirac points near Γ M , and −2.45meV is the energy of the 6 Dirac points. In particular, one notes that these LLs quickly become nondegenerate and deviate from the energy of the 6 Dirac points; these LLs readily merge into the van Hove singularities (around −2.1meV and −2.6meV) when B ∼ 0.04T. We note that the LLs of the other Dirac points (at K M , K M or on Γ M M M lines) are not seen in Fig. 19(f) . This is because the LL number cutoff N makes us only be able to calculate the LLs within a B ∼ 0.25k θ is much smaller than the size of MBZ k θ . Therefore, with the center momentum k 0 near Γ M point, we cannot see the LLs from the other Dirac points far away from Γ M at B ≤ 0.04T. In this paper, we shall only discuss magnetic fields B 0.1T, in which range there will be no low energy LLs from the 6 Dirac points near Γ M .
When B 0.5T, the 3 zero modes (of 3 Dirac points on Γ M -M M lines) around −2.25 meV (and the 3 around −2.43 meV) are approximately degenerate, due to the degeneracy among the 3 Dirac points. As magnetic field becomes larger (B 0.5T), one sees the 3 zero modes (of Dirac points on Γ M -M M lines) around −2.25 meV (−2.43 meV) are no longer degenerate, which is due to mutual hopping between them, and they can no longer be viewed as isolated Dirac fermions. Meanwhile, the zero modes from K M and K M remain rather degenerate for B 3T (see Fig. 19 (a) and (b)) before developing into broad Hofstadter bands (in fact, even for B > 3T , the zero modes from K M and K M become broad bands, but are still not well separated, as shown in Fig. 19(a) ). Therefore, at small 0.5T B 3T with zero Zeeman, there are two kinds of low energy LLs: those from K M and K M which have spin, graphene valley and Moiré valley degeneracies, and those from Dirac points on Γ M M M lines (not at high symmetry points) with only spin and graphene valley degeneracy when B 0.5T.
When Zeeman field splitting and graphene valley degeneracy are taken into account, for 0.5T B 3T, the LLs from K M , K M will be 4-fold degenerate (with respect to K M , K M and K, K ), while those from Dirac points on Γ M M M will be only K, K 2-fold degenerate (although C 3z ensures these Γ M M M Dirac points to be 3-fold degenerate, this 3-fold degeneracy of their LLs is broken by mutual hopping for B 0.5T). As shown in Fig. 19(d) , these two kinds of LLs from K M , K M and from Dirac points on Γ M M M are close in energy, and they may cross each other so that their order in energies changes as the function of B. This would lead to the Landau fan shift which we discuss in Sec. VIII(c).
For comparison, we also calculated the LLs with the zero twist angle approximation (with center momentum k 0 at M M point) as shown in Fig. 20 , where the LLs are PHS. As one can see, the LLs are not much different from that in Fig. 19 , and one can still the zero mode LLs from K M , K M (the red arrow in Fig. 20(a) ) and those from Dirac points on the Γ M M M lines (green arrows in Fig. 20(a) ).
Furthermore, we present here another near magic angle LL data for α = 0.554 (θ = 1.1 • ) in Fig. 21 (without zero twist angle approximation), where there are 2 Dirac fermions at K M and K M , 6 Dirac fermions close to Γ M point, and also 6 Dirac fermions approximately on Γ M -K M and Γ M -K M lines. The general understanding of LLs should be similar to the above, but in this case all the Dirac points are extremely close to the charge neutral point, making ito difficult to resolve the zero modes of each Dirac fermion.
C. Far away from the magic angle
In this section, we show the LLs calculated for higher angles away from the magic angle, in which case there are only two Dirac fermions at K M and K M per spin per graphene valley. As the angle increases from the magic angle, the band width becomes larger and larger, and in comparison the Zeeman splitting becomes less and less important, so the spin degeneracy can be treated as unbroken for large enough twist angles. Fig. 22(e) ).
In Fig. 22(a) , one can clearly see the LLs from Dirac fermions at K M and K M near zero energy(red arrow in Fig.  22(a) ); while at high energies there are LLs from the Γ M band maximum (blue arrow in Fig. 22(a) ). In this case, one expects the Dirac LLs around the charge neutral point to be spin, graphene valley and Moiré 8 fold degenerate, yielding a Landau fan at electron density n 0 = 0 at fillings which occurs on the side of electron density n < n s . This agrees with the observation of TBG at large angles [6] . 
VIII. LANDAU FANS NEAR THE MAGIC ANGLE, LANDAU FAN SHIFT
This section is a supplementary material for the Landau fan discussions in the main text (pages 4) for twist angles θ near but not equal to the magic angle θ m . In both the main text and this section, we adopt the zero angle approximation so that the TBG bands are PHS.
A. Broken of Landau level degeneracy
In the 4th paragraph of page 4 of the main text, we mentioned that the K M , K M degeneracy is broken when the magnetic field B becomes large. This is due to the mutual hopping between the Dirac LLs at K M and K M . As shown in Fig. 23(a) , the shaded areas at K M and K M denote the momentum space LL wave functions of the Dirac fermions at K M and K M . The sizes of the LL wave functions in the momentum space are proportional to
B. Therefore, when B becomes large, the LL wave functions at K M and K M will overlap and hop with each other, so that their degeneracies are broken. The calculation of the second model H (k) + H p (k) (with Dirac points of the same helicity) in Sec. III is an example showing the degeneracy breaking of the two zero mode LLs at two different Dirac points.
Similarly, the degeneracy of the LLs of other multiple band maxima/minima (e.g., 3 band maxima near 3 M M points) will also be broken at large B, due to the mutual hoppings among them. Therefore, at large B, the LLs of TBG are only graphene valley K, K 2-fold degenerate (spin degeneracy is broken by Zeeman).
From our numerical calculations (with Zeeman energy), we observe that the K M , K M Dirac LLs are 4-fold degenerate (Moiré valley K M ,K M and graphene valley K, K ) for B 3T, and become 2-fold for B 3T. The LLs from the 3 band tops (bottoms) near the M M point are approximately 6-fold degenerate (3 M M points and graphene valley K, K ) for B 1T, and break down to 2-fold for B 1T.
B. Landau fans under Zeeman energy
In paragraph 5 of page 4 of the main text, we have mentioned the Dirac LLs from K M , K M with Zeeman splitting are 4-fold degenerate at small magnetic field B, and become 2-fold degenerate for B 3T (from numerical calculation in Fig. 20 ) due to the K M , K M degeneracy breaking. Therefore, at n 0 = 0 one has the dominant Landau fan at ν j = 4j (j ∈ Z) for small B as shown in Fig. 23(b) , which breaks into a 2-fold Landau fan at large B.
Further, we show in paragraph 4 of main text page 4 that the strong Zeeman splitting can also give rise to Landau fans at half fillings n = ±n s /2, where n s is the electron density to fully fill a 4-fold degenerate Moiré band at B = 0. Here we describe this half-filling Landau fan in more details. As shown in the main text Fig. 4(a) , assume the Zeeman splitting E Z (B) = 2µ B B > W , where W is the conduction (valence) band width. In this case, the K M , K M Dirac points of the spin ↓ band (which are stable since spin and orbital are decoupled) are higher than the entire spin ↑ conduction band. Therefore, for electron density n = n s /2, if E Z (B) > W , the entire spin ↑ conduction band will be occupied, and the Fermi level will be fixed at the energy of the K M , K M Dirac points of the spin ↓ band. This enables us to see the Landau fan of the spin ↓ (↑) Dirac fermions at n = n s /2 (n = −n s /2). One expects this Landau fan to be 2-fold degenerate, since it appears at relatively large field B W/2µ B B.
More explicitly, the fan at the l-th spin ↓ Dirac LL (l ∈ Z) can be seen above n 0 ≈ n s /2 when
with E l (B) ≈ v * sgn(l) 2|l| eB is the energy of the l-th Dirac LL, and E Z (B) = 2µ B B. This gives the condition for the l-th spin ↓ Dirac LL to be seen:
Therefore, if one increase B from zero, the higher (i.e., the more positive) l LLs will be seen earlier. This is illustrated in Fig. 23 (c)-(d). As a result, as shown in Fig. 23 (e), the higher filling lines (representing ρ xx minima) at n 0 = n s /2, (i.e., higher LL number l) can be observed at smaller B (given by the bound 37 for LL number l). In particular, from Eq. (36), the observation of the l < 0 spin ↓ Dirac LLs in the Landau fan at n 0 = n s /2 requires much larger B than that of the l > 0 spin ↓ LLs, since E l (B) is negative (positive) for negative (positive) l. For instance, for the band structure of θ = 1.04
• (see Fig. 4 (a) in the main text, or Fig. 6(d) and (i)), one estimates that the l = 1 LL can be seen around 2T at n 0 = n s /2, the l = 0 LL can be seen around 4T, while the observation of the l = −1 LL requires a magnetic field above 6T. Therefore, the Landau fan is easier to be seen on the n > n s /2 side than the n < n s /2 side. This agrees with the half-filling Landau fans observed in experiments [4, 5] .
We now consider the effect of a fixed in-plane magnetic field B in addition to the out-of-plane field B ⊥ , which changes the Zeeman energy to E Therefore, the Landau fan at n 0 = 0 will split into two fans at n 0 = ±n B (Fig. 23(f) ), where n B ≈ Meanwhile, the Landau fans at n 0 = ±n s /2 will now be seen when B 2 ⊥ + B 2 > B c = W/2µ B , thus require a smaller B ⊥ . In particular, when B reaches B c = W/2µ B , the density at Fermi energy µ B B will reach n B = n s /2. Thus the Landau fans at n 0 = ±n B will merge with those at n 0 = ±n s /2 (both of which are due to the spin ↓ (↑) Dirac LLs at K M , K M ), as shown in Fig. 23(g) . Furthermore, when B > B c , the spin ↓ and ↑ bands are more and more separated, and the Landau fans at n 0 = ±n s /2 will be seen clearer, as shown in Fig. 23(h) . For θ = 1.04
• , the band theory of TBG predicts a B c around 5T.
C. LL crossing and fan shift
As can be seen in Fig. 6 , additional non-high symmetry points Dirac crossings may arise between two flat bands when θ is near the magic angle [37] . For instance, for 1.02
• < θ < 1.07
• (0.570 < α < 0.593), there are 6 Dirac points along Γ M M M lines per graphene valley, 3 above and 3 below the charge neutral point, and there are 6 Dirac points along Γ M K M concentrated around Γ M point (see Fig. 6(d) and (i) ), which will contribute additional low energy LLs. As we have numerically shown in Fig. 19 , the LLs from these additional Dirac points are only 2-fold (graphene valley K, K ) degenerate for B 0.5T, due to mutual hopping among these Dirac LLs. Fig. 24(a) gives a schematic plot of the zero mode LLs of the Dirac points on Γ M M M lines with Zeeman energy (black dashed lines; for energy E > 0, the lower three dashed lines with negative slopes have spin ↑, and the higher three dashed lines with positive slopes have spin ↓), while Fig. 24(b) is a zoom-in plot. The LL energies in the figure are illustrative instead of accurate (in principle, the LLs begin to expand into Hofstadter bands instead of having a definite energy for B 1.5T).
As shown in Fig. 24 (b), these additional 2-fold degenerate LLs (black dashed lines) may cross with the Dirac LLs of K M , K M which are approximately 4-fold degenerate (for B not too large). Such LL crossings will induce a shift of the dominant Landau fan ν j = 4j by 2 around n 0 = 0 as shown in Fig. 24(c) . For example, we can look at the crossings of the lowest 2-fold zero mode LL (thick dashed line) with a set of 4-fold LLs (blue and red solid lines) at magnetic fields B j (j ≥ 1) as shown in Fig. 24(b) . The green arrow points out the crossing at magnetic field B 1 . For B > B 1 , above zero energy one first has two 4-fold LLs, then encounters the lowest 2-fold LL, followed by more 4-fold LLs. This yields Landau fan filling factors at ν j = {4, 8, 10, 14, 18, · · · }. While for B 2 < B < B 1 , above zero energy one first has three 4-fold LLs, then encounter the lowest 2-fold LL. Therefore, the Landau fan will be shifted to ν j = {4, 8, 12, 14, 18, · · · }. In general, whenever the 2-fold LL crosses with the j-th 4-fold LL, ν j will be shifted from 4j to 4j − 2. Similar fan shift may occur on the hole doping side. We note that in Fig. 24 we have ignored the particle-hole asymmetry of TBG, but in reality the band structure is particle-hole non-symmetric. At the single particle level, the particle-hole asymmetry is small, and one expects the fan shift to occur on both the electron side and the hole side. Such fan shift phenomena is observed on the hole doping side of TBG under pressure in the recent experiment [5] , but not on the electron side. If the hole side fan shift can be explained by our single particle picture, the absence of the electron side fan shift might be due to the existence of a correlated insulating phase at n = n s /4 on the electron side in their experiment (while no insulating phase at n = −n s /4 on the hole side), whose many-body effects may overwhelm the Landau fan shift at n > 0.
The latest experimental measurements indicate the Zeeman splitting in TBG is much smaller than we expected here from the TBG band theory [62] . Therefore, the Landau fans observed in the experiments may not have the same origin as that in our theoretical analysis here.
IX. LANDAU FANS OF EXACTLY MAGIC ANGLE WITH QUADRATIC BAND TOUCHING
In the main text and supplementary Sec. VIII we have discussed the Landau fans for twist angles θ near the magic angle θ m , mostly using θ = 1.04
• as an example. In this section, we discuss the Landau fans at exactly the magic angle θ m = 1.0
• (α = 0.605), where the first conduction and valence bands have a quadratic band touching at K M and K M . Additionally, there are 6 Dirac points close to Γ M . The main features of the Landau fans remain, except that the Landau fan sequence may change.
At low energies, the quadratic band touching at K M and K M is described by the effective Hamiltonian
where M * is the effective mass. By the substitution in Eq. (24) (with center momentum chosen at k 0 = (0, 0)), one finds the Landau level spectrum of quadratic Dirac fermion E n = ± l(l − 1)eB /M * . In particular, there are two zero mode LLs for each quadratic Dirac fermion. Therefore, the quadratic fermions at K M and K M together contribute 4 zero mode-LLs per spin per graphene valley. The spectrum is linear in B. These are the key differences from the LLs of a linear dispersion Dirac fermion. Fig. 25(a) shows the lowest two Moiré bands (particle-hole symmetric) with a Zeeman energy of B ≈ 6T at magic angle θ m (zero angle approximation used), where one can see the quadratic band touching at K M point. The LLs without and with Zeeman energy are shown in Fig. 25(b) and (c), respectively. They are schematically plotted based on our quantum and semiclassical LL numerical calculations. At small magnetic fields (0.5T B 3T), the LL spectrum in Fig. 25(b) around the charge neutral point is as expected in Eq. (38) . The nonzero mode LLs are 2-fold degenerate per spin per graphene valley, while the zero mode LL is 4-fold degenerate per spin per graphene valley. Therefore, for small B 3T, one would expect to see dominant Landau fans near the charge neutral point at fillings Fig. 25(d) .
As the magnetic field increases B 3T, the Moiré valley K M , K M degeneracy is broken due to the quantum hopping between LLs at K M and K M (see Fig. 23(a) ). In particular, the degeneracy of the 4 zero mode LLs at K M and K M (for one spin and one graphene valley) will all be broken. This is because of the following: the two zero mode LLs at K M (K M ) have different wave functions |Ψ 0 K M and |Ψ 1 K M (|Ψ 0 K M and |Ψ 1 K M ). Therefore, the hopping amplitude t 0 between |Ψ 0 K M and |Ψ 0 K M is different from the hopping t 1 between |Ψ 1 K M and |Ψ 1 K M . Accordingly, the four zero mode LLs of K M and K M will split into four distinct energies ±t 0 and ±t 1 , so their 4-fold degeneracy will be totally broken. Further, there could also be a nonzero hopping t 01 between |Ψ 0 K M and |Ψ 1 K M (between|Ψ 1 K M and |Ψ 0 K M ), which will further split the four zero modes. Therefore, the only remaining LL degeneracy is then the 2-fold graphene valley K, K degeneracy (with spin degeneracy broken by Zeeman). Accordingly, for large B 3T, the Landau fan at the charge neutral point is expected to be seen at all even fillings ν j = 2j (j ∈ Z) (which is not shown in Fig. 25(b) ).
Yet another possibility at large B > 3T is, if it happens that the hoppings among zero modes satisfy t 0 ≈ t 1 and t 01 ≈ 0 (or t 0 ≈ t 1 ≈ 0, t 01 = 0), the four zero mode LLs (for one spin and one graphene valley) will only be broken to two 2-fold degenerate LLs. In this case, one would expect the dominant Landau fan fillings near the charge neutral point to be This requires a fine tuning of t 0 , t 1 and t 01 , which is less likely.
At half filling n ≈ ±n s /2, following the same argument we had in the main text (paragraph 4 on page 4) and supplementary Sec. VIIIB, one expects Landau fans at even fillings ν j arising at finite magnetic fields B as shown in Fig. 25(d) .
X. SEMICLASSICAL CALCULATION OF LLS
In this section we explain the semiclassical determination of the LL spectrum of the Moiré bands. The band edges and band touching points can provide a significant amount of information about LLs at small field [77] . It is known that each LL will occupy an area in the momentum space:
Therefore, semiclassically, the energies of LLs correspond to a set of consecutive equal-energy contours with enclosed momentum space areas spaced by 2π/ form E l ∼ (l + 1 2 )B. around a Dirac point the energy has another form E ∼ √ lB with one zero mode. Between the top band edge and bottom band edge, there is always at least one van-Hove singularity (VHS) in the band. The VHS is the energy where the equal-energy contour changes from electron pockets into hole pockets. Equivalently, we can say that the area inside the electron pocket diverges when the Fermi energy reaches the VHS. From Eq. (39) we can claim that the semiclassical LLs from the top and bottom band edges will approach the VHS at large B. However, the zero mode LLs of Dirac points or quadratic band touchings will remain at zero energy in the semiclassical picture (which is not true in quantum calculations), as they correspond to zero energy contours which have zero momentum space area.
Our semiclassical picture of LLs is based on the equal energy contour area in momentum space. The constant energy contour plot in the lowest conduction Moiré band (PHS) for angles from 1.0
• to 1.8
• can be found in Fig.  6(k)-(o) . We can also take part of the quantum effect into consideration, including the correct number of zero modes from Dirac fermions and quadratic band touchings. The semiclassical LLs with necessary quantum corrections are given by the following rules (e and set to 1):
• around a Dirac point, the LLs have the form E l = ±v √ 2lB with one zero mode, where the coefficient v is the Dirac Fermi velocity;
• around a quadratic band touching point, LLs are given by E l = M −1 l(l − 1)B with two zero modes (this is from the quantum results instead of classical), where the coefficient M is the band mass;
• around a trivial quadratic band edge, the LLs are E l = M −1 (l + 1/2)B, where M is the quadratic band mass;
• the LL energies will not increase to infinity (with the exception of a finite number of topological ones), instead they will merge into the VHS;
• if a number of Dirac points or quadratic touching points are degenerate, their LL degeneracy will break down when their equal-energy contours merge together.
With these rules, we semiclassically plot the LLs of TBG. For simplicity we take the PHS approximation. The steps are as follows: first, we determine the energies of all the band minima E Second, assume we have identified a quadratic band minimum E min 1
with an average effective mass M , and the constant energy contour surrounding it is obstructed by van Hove singularity E vH 1 as the energy increases. We then take an approximate ansatz E l (B) = (E Lastly, in addition to the band minima, maxima, Dirac points, quadratic band touchings and van-Hove singularities, there are energies E merge j where the energy contours around several degenerate band minima (maxima) merge together. Such degeneracy is usually due to symmetries; for instance, when there is a band maximum at M M point of the MBZ, the C 3z symmetry indicates the band maxima at all the three M M points are degenerate. When the semiclassical LLs from these degenerate band minima (maxima) reach the contour merging energy, their degeneracy is broken; to simulate that, we simply add a small splitting among them (which is only qualitative).
In Fig. 26 (a) and (b) , we show the semiclassical LL spectrum for θ = 1.04
• and θ = 1.00
• (the magic angle) obtained from the above procedure. They capture well the main sets of LLs obtained from our quantum calculations in Sec. VII.
In the θ = 1.04
• case, we take the Dirac points on K M , K M and Γ M M M lines, and the quadratic band tops/bottoms along Γ M M M into consideration. Since the 6 Dirac points near Γ M are extremely close to each other and have large Fermi velocities, their LLs quickly merge into the van Hove singularities as B increases (they merge at B ∼ 0.04T, see Sec. VIIB), and can be ignored when the minimal semiclassical LL orbital area (around 2π/
